
MATh.en.JEANS 2022-2023 Colegiul Național din Iași page 1 

This article is written by students. It may include omissions and imperfections, as far as possible, 

reported by our reviewers in the editorial notes. 
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The subject : Let 𝐴𝐵𝐶𝐷 be a square and 𝐸, 𝐹, 𝐺, 𝐻 midpoints of its sides. Each midpoint is 

connected by a line with its opposite side edges. 

Determine the surface area of the octagon. 

Generalizations 

   1) Generalize the problem for each parallelogram 𝐴𝐵𝐶𝐷. 
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2) But what if the points divide the sides of the square in 3 parts? How about 4? How does the area 

of the octagon change? 

                             

 3) How does point 2) generalization apply to a parallelogram? 

 

  4) How do you make a regular octagon? 

 

Solution 
Let 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6, 𝐴7, 𝐴8 be vertices the of the octagon and 𝐴𝐵 = 𝑙, the side of the square. 
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𝐴𝐸 =
𝐴𝐵

2
=

𝑙

2
 =

𝐶𝐷

2
= 𝐷𝐺  ⇒ 𝐴𝐸𝐷𝐺- rectangle        ⇒ 

𝐴𝐸 || 𝐷𝐺  {𝐴₁} = 𝐷𝐸 ∩ 𝐴𝐺 = 𝑑1 ∩ 𝑑2  

𝐸𝐴𝐷 = 90°̂     

⇒ 𝐴1 → midpoint of 𝐷𝐸 and 𝐴𝐺. In the same way we demonstrate that 𝐴5 is the midpoint of 𝐸𝐶 ⇒ 

𝐴1𝐴5 →middle line in 𝛥𝐷𝐸𝐶 ⇒ 𝐴1𝐴5 =
𝑙

2
 . In the same way we demonstrate that 𝐴3𝐴7 =

𝑙

2
 .                                                     

⇒ 

Let 𝐴1𝐴5 ∩ 𝐴3𝐴7{𝑂},  𝑂 is the center of the octagon         

⇒  𝐴1𝑂 =
𝑙

4
= 𝐴3𝑂 = 𝐴5𝑂 = 𝐴7𝑂 (2)                                

𝐴1 →midpoint of  𝐷𝐸, 𝐻 → midpoint of 𝐴𝐷 ⇒  𝐴1𝐻 is the middle line in 𝛥𝐴𝐷𝐸 ⇒  

⇒  𝐴1𝐻 =
𝐴𝐸

2
=

𝑙

4
= 𝐴1𝑂  ⇒ 𝐴1 is the midpoint of 𝑂𝐻. 

In the same way we demonstrate that 𝐴2 is the midpoint of 𝑂𝐺 ⇒ In △ 𝐺𝑂𝐻: 𝐺𝐴1 and 𝐻𝐴3 are 

medians, 𝐺𝐴1 ∩ 𝐻𝐴3 = {𝐴2} ⇒ 𝐴2 is center of gravity in △ 𝐺𝑂𝐻. 

 

Let 𝑂𝐴2 ∩ 𝐺𝐻 = {𝑀} ⇒ 𝑂𝐴2 =
2

3
⋅ 𝑂𝑀, 𝑂𝑀 →median 

△ 𝐺𝑂𝐻 ∶ right isosceles triangle ⇒     𝑂𝐴2 →bisector 𝐺𝑂𝐻̂ (1)       ⇒ 𝑂𝐴2 =
𝐻𝐺

3
                                                              

                                                          𝑂𝑀 =
𝐻𝐺

2
                                                     ⇒ 

In △ 𝐷𝐺𝐻 ∶ right triangle, 𝐷𝐺 = 𝐷𝐻 =
𝑙

2
⇒ Using the Pythagorean Theorem: 

𝐻𝐺2 =
𝑙2

4
+

𝑙2

4
⇒ 𝐻𝐺 =

√2⋅𝑙

2
.                    

⇒ 𝑂𝐴2 =
√2⋅𝑙

6
. In the same way we demonstrate 𝑂𝐴4 = 𝑂𝐴6 = 𝑂𝐴8 =

√2⋅𝑙

6
 (3). 

(1) 𝑂𝐴2 →bisector 𝐺𝑂𝐻̂ = 90𝑂 ⇒ 𝐴1𝑂𝐴2
̂ = 𝐴2𝑂𝐴3

̂ = 45𝑂. Analog to 𝐴3𝑂𝐴4
̂ = 𝐴4𝑂𝐴5

̂ =. . . =

𝐴8𝑂𝐴1
̂ = 45𝑂 (4). 

From (2) , (3) , (4)⇒△ 𝐴1𝑂𝐴2 ≡△ 𝐴2𝑂𝐴3 ≡. . . ≡△ 𝐴8𝑂𝐴1 ⇒ 

 ⇒ 𝐴△𝐴1𝑂𝐴2
= 𝐴△𝐴2𝑂𝐴3

=. . . = 𝐴△𝐴8𝑂𝐴1
=

𝑂𝐴1⋅𝑂𝐴2⋅𝑠𝑖𝑛(𝐴1𝑂𝐴2̂ )

2
=

𝑙

4
⋅
√2⋅𝑙

6
⋅
√2

2

2
=

𝑙2

48
⇒ 

 ⇒ 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 = 𝐴△ ⋅ 8 = 8 ⋅
𝑙2

48
=

𝑙2

6
=

1

6
⋅ 𝐴𝐴𝐵𝐶𝐷. 

 

Generalization 1 (1) 
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 𝐴𝐵||𝐶𝐷 ⇒ 𝐵𝐸||𝐷𝐺 and 𝐵𝐸 = 𝐷𝐺 ⇒ 𝐵𝐺𝐷𝐸 → parallelogram ⇒ 𝐴𝐵𝐸𝐷𝐺 = 𝐵𝐸 ⋅ ℎ =
𝐴𝐵⋅ℎ

2
=

𝐴𝐴𝐵𝐶𝐷

2
 

𝐵𝐸 =
𝐴𝐵

2
=

𝐶𝐷

2
= 𝐶𝐺 and 𝐵𝐸||𝐶𝐺 ⇒ 𝐵𝐸𝐶𝐺 →parallelogram, 𝐶𝐸, 𝐵𝐺 → diagonals and 𝐶𝐸 ∩ 𝐵𝐺 =

{𝑆} ⇒ 𝑆 → midpoint of 𝐵𝐺 ⇒ 𝑆𝐺 =
𝐵𝐺

2
   

Analog to       𝑊 →midpoint of 𝐷𝐸 ⇒ 𝑊𝐸 =
𝐷𝐸

2
            ⇒ 𝑆𝐺 = 𝑊𝐸, 𝑆𝐺||𝑊𝐸 ⇒ 

                       𝑈, 𝐺 →midpoint of 𝐶𝐻, 𝐶𝐷 

 

𝐵𝐺 = 𝐷𝐸, 𝐵𝐺||𝐷𝐸 ⇒ 𝐵𝐸𝐷𝐺 →parallelogram                      

⇒ 𝑆𝐺𝑊𝐸 →parallelogram⇒ 𝐴𝑆𝐺𝑊𝐸 = 𝑆𝐺 ⋅ 𝑑(𝑆 , 𝑊𝐸) =
𝐵𝐺⋅𝑑(𝑆 ,𝑊𝐸)

2
=

𝐵𝐺⋅𝑑(𝐵 ,𝐷𝐸)

2
= 

=
𝐴𝐵𝐸𝐷𝐺

2
=

𝐴𝐴𝐵𝐶𝐷

4
= 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 + 𝐴△𝑉𝑈𝐺 + 𝐴△𝐺𝑈𝑇 + 𝐴△𝐸𝑋𝑄 + 𝐴△𝐸𝑄𝑅  (1) 

 

𝑈, 𝐺 → middle of 𝐶𝐻, 𝐶𝐷 ⇒ 𝑈𝐺 → middle line in △ 𝐶𝐷𝐻 and ⇒ 𝑈𝐺 =
𝐷𝐻

2
=

𝐴𝐻

2
 and 𝑈𝐺||𝐷𝐻 ⇒

𝑈𝐺||𝐴𝐻 and 𝑈𝐻 ∩ 𝐴𝐺 = {𝑉} ⇒Using the Fundamental Theorem of Similarity: △ 𝐴𝐻𝑉 ∼△ 𝐺𝑈𝑉 ⇒

𝑘 =
𝑉𝐺

𝐴𝑉
=

𝑈𝑉

𝐻𝑉
=

𝑈𝐺

𝐴𝐻
=

1

2
⇒ 𝐴△𝐺𝑈𝑉 = 𝑘2 ⋅ 𝐴△𝐴𝑉𝐻 =

𝐴△𝐴𝑉𝐻

4
 

𝐴𝐻 =
𝐴𝐷

2
=

𝐵𝐶

2
= 𝐶𝐹, 𝐴𝐻||𝐶𝐹 ⇒ 𝐴𝐻𝐶𝐹 →parallelogram⇒ 𝐴𝐴𝐻𝐶𝐹 = 𝐴𝐻 ⋅ 𝑑(𝐴 , 𝐶𝐹) = 

=
𝐴𝐷⋅𝑑(𝐴 ,𝐵𝐶)

2
=

𝐴𝐴𝐵𝐶𝐷

2
. 

 𝐴△𝐴𝐻𝐶 =
𝐴𝐻⋅𝑑(𝐶 ,𝐴𝐻)

2
=

𝐴𝐴𝐻𝐶𝐹

2
=

𝐴𝐴𝐵𝐶𝐷

4
 

In △ 𝐴𝐶𝐷 ∶  𝐴𝐺, 𝐶𝐻 →medians, 𝐴𝐺 ∩ 𝐶𝐻 = {𝑉} ⇒ 𝑉 →center of gravity in △ 𝐴𝐶𝐷 ⇒ 

⇒ 𝐻𝑉 =
𝐶𝐻

3
⇒ 𝐴△𝐴𝐻𝑉 =

𝐻𝑉⋅𝑑(𝐴 ,𝐶𝐻)

2
=

𝐴△𝐴𝐻𝐶

3
=

𝐴𝐴𝐵𝐶𝐷

12
⇒ 𝐴△𝐺𝑈𝑉 =

𝐴𝐴𝐵𝐶𝐷

48
. 

Analog to 𝐴△𝐺𝑈𝑇 = 𝐴△𝐸𝑋𝑄 = 𝐴△𝐸𝑄𝑅 =
𝐴𝐴𝐵𝐶𝐷

48
= 𝐴△. 

Using (1): 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 + 4 ⋅ 𝐴△ =
𝐴𝐴𝐵𝐶𝐷

4
⇒ 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =

𝐴𝐴𝐵𝐶𝐷

4
−

𝐴𝐴𝐵𝐶𝐷

12
⇒ 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =

𝐴𝐴𝐵𝐶𝐷

6
. 

 

Generalization 2 
   Suppose that in the original problem, the segments from the vertices of the square extended not to 

the midpoints of the opposite sides but to the near-quarter or some other ratio. 
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𝐸, 𝐹, 𝐺, 𝐻 →a quarter from one of the  

△ 𝐷𝑂𝑁: isosceles right triangle ⇒ 𝐷𝑂𝑁̂ = 45𝑜                                  

△ 𝐴𝐷𝐶: isosceles right triangle ⇒ 𝐷𝐴𝐶̂ = 45𝑜 

𝑂𝑁, 𝐴𝐶 →straight line       ⇒ 𝐷𝑂𝑁̂, 𝐷𝐴𝐶 ̂ →corresponding angles         ⇒ 

𝑂𝐴 →secant line 

 

⇒ 𝑂𝑁||𝐴𝐶 ⇒ Using the Fundamental Theorem of Similarity: △ 𝐷𝑂𝑁 ∼△ 𝐷𝐴𝐶 ⇒ 

                                                                                                  △ 𝑉𝑂𝑁 ∼△ 𝑉𝐶𝐴 ⇒ 

 ⇒
𝑂𝐷

𝐴𝐷
=

𝐷𝑁

𝐷𝐶
=

𝑂𝑁

𝐴𝐶
=

1

4
 

 ⇒
𝑂𝑁

𝐴𝐶
=

𝑂𝑉

𝑉𝐶
=

𝑉𝑁

𝐴𝑉
=

1

4
⇒ 𝐴𝑉 = 5 ⋅ 𝑉𝑁 ⇒ 𝐴𝑁 = 5 ⋅ 𝑉𝑁, 𝑉𝑁 =

1

5
⋅ 𝐴𝑁 

𝐴𝐼 =
1

4
⋅ 𝐴𝐵 =

1

4
⋅ 𝑙 = 𝐷𝑁, 𝐴𝐼||𝐷𝑁 ⇒ 𝐴𝐼𝑁𝐷 →parallelogram    ⇒ 

                                    𝐷𝐼 ∩ 𝐴𝑁 = {𝑊}, 𝐷𝐼, 𝐴𝑁: diagonals 

⇒ 𝑊 → the midpoint of 𝐴𝑁 ⇒ 𝐴𝑁 = 2 ⋅ 𝑊𝑁     ⇒ 𝑊𝑁 = 2,5 ⋅ 𝑉𝑁 = 𝑊𝑉 + 𝑊𝑁 ⇒ 

                                                  𝐴𝑁 = 5 ⋅ 𝑉𝑁 

⇒ 𝑊𝑁 =
3

2
⋅ 𝑉𝑁 =

3

10
⋅ 𝐴𝑁                                                          

△ 𝐴𝐷𝑁:right triangle⇒Using the Pythagorean Theorem:       ⇒ 𝑊𝑉 =
3√17⋅𝑙

40
 

 𝐴𝐷2 + 𝐷𝑁2 = 𝐴𝑁2 = 𝑙2 +
𝑙2

16
⇒ 𝐴𝑁 =

√17⋅𝑙

4
 

Analog to 𝑉𝑈 = 𝑈𝑇 = 𝑇𝑆 = 𝑆𝑅 = 𝑄𝑅 = 𝑋𝑄 = 𝑋𝑊 =
3√17⋅𝑙

40
 

𝑊, 𝑆 →midpoints of 𝐴𝑁, 𝐵𝑀 ⇒ 𝑊𝑆||𝐶𝐷        ⇒ 𝑉𝑇||𝐶𝐷 ⇒ 

 
𝑉𝑁

𝑁𝑊
=

𝑇𝑀

𝑀𝑆
=

2

3
⇒ 𝑉𝑇||𝑊𝑆 

⇒Using the Fundamental Theorem of Similarity: 

          △ 𝑉𝑈𝑇 ∼△ 𝑈𝐶𝐷 ⇒ 𝐾 =
𝑉𝑈

𝑈𝐶
=

𝑈𝑇

𝐷𝑈
=

𝑉𝑇

𝐶𝐷
=

3

5
⇒  𝑉𝑇 =

3𝑙

5
  

           𝐴△𝑈𝑉𝑇 = 𝐾2 ⋅ 𝐴△𝑈𝐶𝐷 =
9

25
⋅

𝑈𝐺⋅𝐶𝐷

2
  

𝑊, 𝑆 →midpoints of 𝐴𝑁, 𝐵𝑀 ⇒ 𝑊𝑆 =
3𝑙

4
 . Analog 𝑄𝑈 =

3𝑙

4
⇒ 𝑈𝐺 =

1

8
⋅ 𝑙 ⇒ 

 ⇒ 𝐴△𝑈𝑉𝑇 =
9⋅𝑙⋅

𝑙

8

50
=

9𝑙2

400
 . 

Analog 𝐴△𝑅𝑆𝑇 = 𝐴△𝑅𝑄𝑇 = 𝐴△𝐶𝑊𝑋 =
9𝑙2

400
= 𝐴△. 

Analog 𝑅𝑇 = 𝑅𝑋 = 𝑋𝑉 =
3𝑙

5
, 𝑋𝑅||𝐶𝐷, 𝑋𝑉||𝐴𝐷 ⇒ 𝑉𝑇𝑅𝑋 →square ⇒ 𝐴𝑉𝑇𝑅𝑋 = 𝑉𝑇2 =

9𝑙2

25
. 

𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 = 𝐴𝑉𝑇𝑅𝑋 + 4 ⋅ 𝐴△ =
9𝑙2

25
+

9𝑙2

100
=

9

20
⋅ 𝑙2 =

9

20
⋅ 𝐴𝐴𝐵𝐶𝐷. 

 

   After this latest result, we discovered a rule: if the points are at a distance of 
1

𝑛
⋅ 𝑙 from the vertices 

of the square, then the area of the octagon is 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =
(𝑛−1)2

𝑛(𝑛+1)
⋅ 𝐴𝐴𝐵𝐶𝐷 . For 𝑛 = 2, we obtained 

𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =
1

6
⋅ 𝐶𝐴𝐵𝐶𝐷  and for 𝑛 = 4 we obtained 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =

9

20
⋅ 𝐴𝐴𝐵𝐶𝐷 . So, we tried to demonstrate 

this rule for any 𝑛>2, 𝑛 ∈ ℝ. 

 

𝐼, 𝐽, 𝐾, 𝐿, 𝑀, 𝑁, 𝑂, 𝑃 are at a distance of 
1

𝑛
⋅ 𝑙 from one of the vertices of the square. 
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△ 𝐷𝑂𝑁: isosceles right triangle ⇒ 𝐷𝑂𝑁̂ = 45𝑜                                        ⇒ 

△ 𝐴𝐷𝐶: isosceles right triangle ⇒ 𝐷𝐴𝐶̂ = 45𝑜 

𝑂𝑁, 𝐴𝐶 →straight line      ⇒ 𝐷𝑂𝑁̂, 𝐷𝐴𝐶 ̂ →corresponding angles 

𝐴𝐷 →secant line 

 

⇒ 𝑂𝑁||𝐴𝐶 ⇒ Using the Fundamental Theorem of Similarity: △ 𝐷𝑂𝑁 ∼△ 𝐷𝐴𝐶 ⇒ 

                                                                                                    △ 𝑉𝑂𝑁 ∼△ 𝑉𝐶𝐴 ⇒ 

 ⇒ 𝐾1 =
𝑂𝐷

𝐴𝐷
=

𝐷𝑁

𝐷𝐶
=

𝑂𝑁

𝐴𝐶
=

𝑙

𝑛

𝑙
=

1

𝑛
 

 ⇒ 𝐾1
, =

𝑂𝑁

𝐴𝐶
=

𝑂𝑉

𝑉𝐶
=

𝑉𝑁

𝐴𝑉
= 𝐾 =

1

𝑛
⇒ 𝑉𝐴 = 𝑛 ⋅ 𝑉𝑁 ⇒ 𝐴𝑁 = (𝑛 + 1) ⋅ 𝑉𝑁, 𝑉𝑁 =

𝐴𝑁

𝑛+1
 

𝐴𝐼 =
1

𝑛
⋅ 𝐴𝐵 =

1

𝑛
⋅ 𝐶𝐷 = 𝐷𝑁       ⇒ 𝐴𝐼𝑁𝐷 → parallelogram 𝐴𝑁, 𝐷𝐼 → diagonals     ⇒ 

𝐴𝐵||𝐶𝐷 ⇒ 𝐴𝐼||𝐷𝑁                           𝐴𝑁 ∩ 𝐷𝐼 = {𝑊} 

 ⇒ 𝑊 → midpoint of 𝐴𝑁 ⇒ 𝑊𝑁 =
1

2
⋅ 𝐴𝑁 =

𝑛+1

2
⋅ 𝑉𝑁 ⇒ 

⇒ 𝑊𝑉 = 𝑊𝑁 − 𝑉𝑁 =
𝑛−1

2
⋅ 𝑉𝑁     ⇒ 𝑊𝑉 = 𝐴𝑁 ⋅

𝑛−1

2(𝑛+1)
 

 𝑉𝑁 =
𝐴𝑁

𝑛+1
 

△ 𝐴𝐷𝑁: right triangle ⇒ Using the Pythagorean Theorem: 𝐴𝐷2 + 𝐷𝑁2 = 𝐴𝑁2 = 𝑙2 + (
𝑙

𝑛
)

2

=

𝑙2⋅(𝑛2+1)

𝑛2 ⇒ 𝐴𝑁 =
𝑙

𝑛
⋅ √𝑛2 + 1 ⇒ 𝑊𝑉 =

𝑙⋅(𝑛−1)⋅√𝑛2+1

2𝑛⋅(𝑛+1)
 

Analog 𝑈𝑇 = 𝑉𝑈 = 𝑇𝑆 = 𝑆𝑅 = 𝑅𝑄 = 𝑄𝑋 = 𝑋𝑊 =
𝑙⋅(𝑛−1)⋅√𝑛2+1

2𝑛⋅(𝑛+1)
 

△ 𝑈𝑉𝑇:isosceles triangle(𝑉𝑈 = 𝑈𝑇)                       ⇒△ 𝑈𝑉𝑇 ∼△ 𝑈𝐷𝐶 ⇒ 

△ 𝐷𝑈𝐶:isosceles triangle(𝐷𝑈 = 𝑈𝐶 =
𝐷𝐿

2
=

𝐶𝐶

2
) 

 𝑉𝐶 ∩ 𝐷𝑇 = {𝑈} ⇒ 𝑉𝑈𝑇̂ ≡ 𝐷𝑈𝐶̂ 

⇒ 𝐾2 =
𝑈𝑉

𝑈𝐷
=

𝑈𝑇

𝑈𝐶
=

𝑉𝑇

𝐶𝐷
=

𝑛−1

2⋅(𝑛+1)
⋅𝐶𝑂

1

2
⋅𝐶𝑂

=
𝑛−1

𝑛+1
⇒ 𝐴𝑉𝑈𝑇 = 𝐴𝐷𝑈𝐶 ⋅ 𝐾2

2 =
(𝑛−1)2

(𝑛+1)2 ⋅ 𝐴𝐷𝑈𝐶  , 𝑉𝑇 =
𝑙⋅(𝑛−1)

𝑛+1
      ⇒                                  

𝑈, 𝐺 → 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝐶𝐷, 𝐶𝑂 ⇒ 𝑈𝐺 =
𝐷𝑂

2
=

𝑙

2𝑛
⇒ 𝐴𝐷𝑈𝐶 =

𝐶𝐷⋅𝑈𝐺

2
=

𝑙2

4𝑛
                             

 ⇒ 𝐴𝑉𝑈𝑇 =
𝑙2⋅(𝑛−1)2

4𝑛⋅(𝑛+1)2 

 

I A 

P 

H F S 

T 

U 

V L o 

D N G M C 

K 

B 
J E 

Q 

X 
R 

W 
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Analog for 𝐴𝑅𝑆𝑇 = 𝐴𝑅𝑄𝑋 = 𝐴𝑋𝑊𝑉 =
𝑙2⋅(𝑛−1)2

4𝑛⋅(𝐶+1)2 . 

Analog  𝑇𝑅 = 𝑅𝑋 = 𝑋𝑉 =
𝑙(𝑛−1)

𝑛+1
⇒ 𝑉𝑇𝑅𝑋 → rhombus                                                ⇒ 

△ 𝑈𝑉𝑇 ∼△ 𝑈𝐷𝐶 ⇒ 𝑈𝑉𝑇̂ ≡ 𝑈𝐶𝐷̂(internal alternate angles)   ⇒ 𝑉𝑇||𝐶𝐷  ⇒ 𝑉𝑇||𝑇𝑅 

Analog 𝑇𝑅||𝐵𝐶, 𝐵𝐶 ⊥ 𝐶𝐷 

 ⇒ 𝑉𝑇𝑅𝑋 → square ⇒ 𝐴𝑉𝑇𝑅𝑋 = (𝑉𝑇)2 =
𝑙2⋅(𝑛−1)2

(𝑛+1)2  

 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 = 4 ⋅ 𝐴𝑉𝑈𝑇 + 𝐴𝑉𝑇𝑅𝑋 =
𝑙2⋅(𝑛−1)2

𝑛⋅(𝑛+1)2 +
𝑙2⋅(𝑛−1)2

(𝑛+1)2 =
𝑙2⋅(𝑛−1)2

𝑛⋅(𝑛+1)
=

(𝑛−1)2

𝑛⋅(𝑛+1)
⋅ 𝐴𝐴𝐵𝐶𝐷  

 (𝐴𝐴𝐵𝐶𝐷 = 𝑙2). 

 

Generalization 3 
   Since the original problem on the square turned out to be true for any parallelogram, the natural 

question at this point is to ask whether this latest result generalizes to any parallelogram. 

 

 𝐴𝐼 = 𝐶𝐽 = 𝐶𝑀 = 𝐷𝑁 =
1

𝑛
⋅ 𝐴𝐵 =

1

𝑛
⋅ 𝐶𝐷 

𝐴𝑃 = 𝐷𝑂 = 𝐶𝐿 = 𝐵𝐾 =
1

𝑛
⋅ 𝐴𝐷 =

1

𝑛
⋅ 𝐵𝐶  

 
𝐷𝑁

𝐶𝐷
=

𝐷𝑂

𝐴𝐷
=

1

𝑛
⇒Using the Reciprocal of Thales’ Theorem: 𝑂𝑁||𝐴𝐶 ⇒Using the Fundamental Theorem 

of Similarity: △ 𝐷𝑂𝑁 ∼△ 𝐷𝐴𝐶         

  △ 𝑉𝑂𝑁 ∼△ 𝑉𝐶𝐴          ⇒   

⇒ 𝑘1 =
𝐷𝑁

𝐶𝐷
=

𝐷𝑂

𝐴𝐷
=

𝑂𝑁

𝐴𝐶
=

1

𝑛
 and 𝑘2 =

𝑉𝑂

𝑉𝐶
=

𝑉𝑁

𝑉𝐴
=

𝑂𝑁

𝐴𝐶
=

1

𝑛
⇒ 𝑉𝐴 =

1

𝑛
⋅ 𝑉𝑁 ⇒ 

⇒ 𝐴𝑁 = (𝑛 + 1) ⋅ 𝑉𝑁, 𝑉𝑁 =
𝐴𝑁

𝑛+1
. 

 

𝐴𝐼 =
1

𝑛
⋅ 𝐴𝐵 =

1

𝑛
⋅ 𝐶𝐷 = 𝐷𝑁, 𝐴𝐼||𝐷𝑁 ⇒ 𝐴𝐼𝐷𝑁 →parallelogram       ⇒ 

𝐴𝑁, 𝐷𝐼 →diagonals and 𝐴𝑁 ∩ 𝐷𝐼 = {𝑊} 

⇒ 𝑊 →midpoint of 𝐴𝑁, 𝐷𝐼 ⇒ 𝑊𝑁 =
𝐴𝑁

2
=

𝑛+1

2
⋅ 𝑉𝑁 ⇒ 𝑊𝑉 =

𝑛−1

2
⋅ 𝑉𝑁 =

𝑛−1

𝑛+1
⋅ 𝐴𝑊      

In the same way, we demonstrate 𝑊𝑋 =
𝑛−1

𝑛+1
⋅ 𝐷𝑊. 

𝑊𝑋

𝐷𝑊
=

𝑊𝐶

𝐴𝑊
=

𝑛−1

𝑛+1
                                               ⇒ △ 𝐴𝐷𝑊 ∼△ 𝑉𝑊𝑋 ⇒ 

𝑋𝑊𝑉̂ = 𝐴𝑊𝐷̂ (opposite angles at the apex) 
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⇒ 𝑘3 =
𝑊𝑉

𝐴𝑊
=

𝑊𝑋

𝐷𝑊
=

𝑉𝑋

𝐴𝐷
=

𝑛−1

𝑛+1
⇒   𝐴△𝑉𝑊𝑋 = (𝑘3)2 ⋅ 𝐴△𝐴𝐷𝑊 = (

𝑛−1

𝑛+1
)2 ⋅ 𝐴△𝐴𝐷𝑊 

     𝑉𝑋 =
𝑛−1

𝑛+1
⋅ 𝐴𝐷. Analog to 𝑅𝑇 =

𝑛−1

𝑛+1
⋅ 𝐵𝐶 and 

𝑉𝑇 = 𝑅𝑋 =
𝑛−1

𝑛+1
⋅ 𝐴𝐵. 

 𝐴𝑁 ∩ 𝐷𝐼 = {𝑊} ⇒ 𝑑(𝑊, 𝐴𝐷) =
1

2
⋅ 𝑑(𝑁, 𝐴𝐷) =

1

2
⋅

1

𝑛
⋅ 𝑑(𝐶, 𝐴𝐷) ⇒ 

 ⇒ 𝐴△𝐴𝐷𝑊 =
𝐴𝐷⋅𝑑(𝑊,𝐴𝐷)

2
=

1

4𝑛
⋅ 𝐴𝐷 ⋅ 𝑑(𝐶, 𝐴𝐷) =

1

4𝑛
⋅ 𝐴𝐴𝐵𝐶𝐷 ⇒ 𝐴△𝑉𝑊𝑋 =

(𝑛−1)2

4𝑛(𝑛+1)2 ⋅ 𝐴𝐴𝐵𝐶𝐷  

Analog to 𝐴△𝑋𝑄𝑅 = 𝐴△𝑅𝑆𝑇 = 𝐴△𝑉𝑈𝑇 =
(𝑛−1)2

4𝑛(𝑛+1)2 ⋅ 𝐴𝐴𝐵𝐶𝐷 = 𝐴△. 

△ 𝐴𝐷𝑊 ∼△ 𝑉𝑊𝑋 ⇒ 𝑋𝑉𝑊̂ = 𝑊𝐴𝐷̂ (alternate internal angles, 𝐴𝑉 →secant)⇒ 

⇒ 𝑉𝑋||𝐴𝐷. In the same way, we demonstrate 𝑉𝑇||𝐶𝐷 ⇒ 𝐴𝐷𝐶̂ = 𝑋𝑉𝑇̂ ⇒ 

⇒ 𝑠𝑖𝑛(𝐴𝐷𝐶̂) = 𝑠𝑖𝑛(𝑋𝑉𝑇̂). 

𝑉𝑇 = 𝑋𝑅 and 𝑉𝑋 = 𝑅𝑇 ⇒ 𝑉𝑇𝑅𝑋 →parallelogram⇒ 𝐴𝑉𝑇𝑅𝑋 = 𝑉𝑇 ⋅ 𝑉𝑋 ⋅ 𝑠𝑖𝑛(𝑇𝑉𝑋̂) ⇒ 

⇒ 𝐴𝑉𝑇𝑅𝑋 =
(𝑛−1)2

(𝑛+1)2 ⋅ 𝐴𝐴𝐵𝐶𝐷. 

 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 = 4 ⋅ 𝐴△ + 𝐴𝑉𝑇𝑅𝑋 = 4 ⋅
(𝑛−1)2

4𝑛(𝑛+1)2 ⋅ 𝐴𝐴𝐵𝐶𝐷 +
(𝑛−1)2

(𝑛+1)2 ⋅ 𝐴𝐴𝐵𝐶𝐷 ⇒ 

⇒ 𝐴𝑜𝑐𝑡𝑎𝑔𝑜𝑛 =
(𝑛−1)2

𝑛(𝑛+1)
⋅ 𝐴𝐴𝐵𝐶𝐷. 

 

Observation: 𝑛 − 1 must be greater than 0 because 𝑉𝑇 =
𝑛−1

𝑛+1
⋅ 𝐴𝐵. As a result, 𝑛 must be greater 

than 1. But what happens if 𝑛 ∈ (1,2)?  

   As 𝑛 decreases between 2 and 1, we find that the pairs of segments like 𝐷𝐼 and 𝐶𝐽 cross and that 

the area of the octagon continues to shrink as 𝑛 approaches 1. But surprisingly, for both the square 

and the parallelogram, none of the ratios and areas change from the solution to the problem. The 

“overlapping” does not affect the steps in solving the problem. 

 
 

Generalization 4 
   When we first thought about how to solve this problem, we incorrectly believed that the initial 

octagon was a regular octagon, when, in fact, it is not. Although the octagon is equilateral, one can 

verify that the distances of points 𝑄, 𝑆, 𝑈 , 𝑊 from the center of the octagon are not equal to the 

distances of points 𝑅, 𝑇, 𝑉, 𝑋 from the center. So, we may reasonably ask under what conditions the 

octagon formed is regular. 
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   The octagon can be regular only in the case of the square 

but not for the general parallelogram. From the symmetries of 

the square, we can establish without difficulty that the 

octagon is equilateral and that the eight central angles with 

vertices at Y are all 45𝑂 ; however, in general, 𝑄𝑌 = 𝑆𝑌 =

𝑈𝑌 = 𝑊𝑌 and 𝑅𝑌 = 𝑇𝑌 = 𝑉𝑌 = 𝑋𝑌, but the two sets of 

segments are not equal to each other. For the octagon to be 

regular, all vertex-center distances must be equal, so we 

consider the case of 𝑊𝑌 = 𝑉𝑌.  

 

 

In △ 𝐴𝐷𝑁: 𝐻, 𝑊 → midpoints of 𝐴𝐷, 𝐴𝑁 ⇒ 𝐻𝑊 → middle line ⇒ 𝐻𝑊 =
𝐷𝑁

2
=

𝑙

2𝑛
 and 𝐻𝑌 =

𝐶𝐷

2
=

𝑙

2
⇒ 𝑊𝑌 =

𝑛−1

2𝑛
⋅ 𝑙 (1) 

Using these results: 𝑉𝑇||𝐶𝐷 and 𝑉𝑇 =
𝑛−1

𝑛+1
⋅ 𝐶𝐷 that were already found in the previous 

demonstrations, we have △ 𝑌𝑉𝑇 ∼△ 𝑌𝐷𝐶, where 𝑘 =
𝑛−1

𝑛+1
⇒ 

𝑉𝑌 =
𝑛−1

𝑛+1
⋅ 𝐷𝑌 =

𝑛−1

2(𝑛+1)
⋅ 𝐵𝐷 =

√2(𝑛−1)

2(𝑛+1)
⋅ 𝑙 (2) 

From (1), (2) and 𝑊𝑌 = 𝑉𝑌 ⇒
𝑛−1

2𝑛
=

√2(𝑛−1)

2(𝑛+1)
⇒ 𝑛 =

1

√2−1
. 

 

   The desired points for which 𝑛 =
1

√2−1
 are found by 

bisecting the 45 degree angles between the sides of the 

square  and the diagonals.These lines can also be found by 

reflecting each of the triangles equivalent to △ 𝐷𝐴𝐼 onto 

the diagonal, as illustrated. 

 

 

 

 

 

 

 

 

Editing notes 

(1) Generalization 1 can be obtained without computation from the case of the square. In fact, the 
parallelogram can be turned into a square by applying a dilatation (which multiplies all areas by the 
same factor) and a transvection (which preserves all areas). This also applies to Generalization 3 
which follows by the same argument from Generalization 2. 

 

 


